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Dv|pswrwlfv iru Qrqolqhdu Wudqvirupdwlrqv





Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv
\doh Xqlyhuvlw|
Devwudfw
Dq dv|pswrwlf wkhru| iru vwrfkdvwlf surfhvvhv jhqhudwhg iurp qrqolqhdu wudqv0
irupdwlrqv ri qrqvwdwlrqdu| lqwhjudwhg wlph vhulhv lv ghyhorshg1 Ydulrxv qrqolqhdu
ixqfwlrqv ri lqwhjudwhg vhulhv vxfk dv DULPD wlph vhulhv duh vwxglhg/ dqg wkh dv|ps0
wrwlf glvwulexwlrqv ri vdpsoh prphqwv ri vxfk ixqfwlrqv duh rewdlqhg dqg dqdo|}hg1
Wkh wudqvirupdwlrqv frqvlghuhg lq wkh sdshu lqfoxgh d ydulhw| ri ixqfwlrqv wkdw duh
xvhg lq sudfwlfdo qrqolqhdu vwdwlvwlfdo dqdo|vlv1 Lw lv vkrzq wkdw wkhlu dv|pswrwlf
wkhru| lv txlwh glhuhqw iurp wkdw ri lqwhjudwhg surfhvvhv dqg vwdwlrqdu| wlph vhulhv1
Zkhq wkh wudqvirupdwlrq ixqfwlrq lv h{srqhqwldoo| h{sorvlyh/ iru lqvwdqfh/ wkh frq0
yhujhqfh udwh ri vdpsoh ixqfwlrqv lv sdwk0ghshqghqw1 Lq sduwlfxodu/ wkh frqyhujhqfh
udwh ghshqgv qrw rqo| wkh vl}h ri wkh vdpsoh/ exw dovr rq wkh uhdol}hg vdpsoh sdwk1
Vrph eulhi dssolfdwlrqv ri wkhvh dv|pswrwlfv duh jlyhq wr looxvwudwh wkh hhfwv ri qrq0
olqhduo| wudqviruphg lqwhjudwhg surfhvvhv rq uhjuhvvlrq1 Wkh phwkrgv ghyhorshg lq
wkh sdshu duh xvhixo lq d surmhfw ri juhdwhu vfrsh frqfhuqhg zlwk wkh ghyhorsphqw ri
d jhqhudo wkhru| ri qrqolqhdu uhjuhvvlrq iru qrqvwdwlrqdu| wlph vhulhv1
Pdufk 4<<;
Nh| zrugv dqg skudvhv= Dgglwlyh ixqfwlrqdov ri Eurzqldq prwlrq/ Eurzqldq prwlrq/
lqwhjudwhg surfhvv/ orfdo wlph/ qrqolqhdu wudqvirupdwlrq/ rffxsdwlrq wlph/ uhjuhvvlrq
dv|pswrwlfv1
4Wklv sdshu zdv sodqqhg dqg wkh pdlq uhvxowv zhuh rewdlqhg gxulqj wkh idoo ri 4<<8/ dowkrxjk
zh vshqw d orqjhu wlph frpsohwlqj wkh sdshu1 Wkh sdshu zdv suhvhqwhg dw wkh Zlqwhu Phhwlqjv
ri wkh Hfrqrphwulf Vrflhw| lq 4<<;1 Mrrq Sdun wkdqnv wkh Frzohv Irxqgdwlrq dw \doh Xqlyhuvlw|
iru krvslwdolw| gxulqj vhyhudo ylvlwv ryhu wkh shulrg 4<<6 0 4<<91 Shwhu Skloolsv wkdqnv wkh QVI iru
uhvhdufk vxssruw xqghu judqw Qr1 VEU <755<551
4 Lqwurgxfwlrq
Qrqvwdwlrqdu| wlph vhulhv dulvlqj iurp dxwruhjuhvvlyh prghov zlwk urrwv rq wkh xqlw
flufoh kdyh ehhq dq lqwhqvlyh vxemhfw ri uhfhqw uhvhdufk1 Wkh dv|pswrwlf ehkdylrxu
ri uhjuhvvlrq vwdwlvwlfv edvhg rq lqwhjudwhg wlph vhulhv +wkrvh iru zklfk rqh ru pruh
ri wkh dxwruhjuhvvlyh urrwv duh xqlw|, kdv uhfhlyhg wkh prvw dwwhqwlrq dqg d idluo|
frpsohwh wkhru| lv qrz dydlodeoh iru olqhdu wlph vhulhv uhjuhvvlrqv1 Wkh uhvxowlqj
olplw wkhru| irupv wkh edvlv ri pxfk rqjrlqj hpslulfdo hfrqrphwulf zrun/ hvshfldoo|
rq wkh vxemhfw ri xqlw urrw whvwlqj dqg frlqwhjudwlrq prgholqj1 Wkh pdlq hohphqwv ri
wklv olplw wkhru| dv lw lv qhhghg iru olqhdu uhjuhvvlrq zdv uhylhzhg lq Skloolsv +4<;;,/
dqg d uhfhqw ryhuylhz ri wkh dv|pswrwlf vwdwlvwlfdo wkhru| rq zklfk vrph ri wkh
olwhudwxuh gudzv zdv jlyhq lq Mhjdqdwkdq +4<<8,1
Dv lq rwkhu uhjuhvvlrq frqwh{wv/ olqhdu prghov fdq eh uhvwulfwlyh dqg wkh| holplqdwh
pdq| lqwhuhvwlqj fdvhv ri sudfwlfdo lpsruwdqfh zkhuh wkhuh duh qrqolqhdu uhvsrqvhv wr
fryduldwhv1 Krzhyhu/ h{whqvlrqv ri wkh h{lvwlqj olplw wkhru| iru lqwhjudwhg surfhvvhv
wr qrqolqhdu prghov lv qrw vwudljkwiruzdug1 Wklv lv ehfdxvh qrqolqhdu ixqfwlrqv ri
lqwhjudwhg surfhvvhv riwhq ghshqg rq qh0judlq ghwdlov ri wkh xqghuo|lqj surfhvv/
prvw hvshfldoo| wkh vrmrxuq wlph wkdw wkh surfhvv vshqgv lq wkh ylflqlw| ri fhuwdlq
srlqwv1 Wkhvh ghwdlov qhhg wr eh ghdow zlwk lq wkh ghyhorsphqw ri d olplw wkhru| iru
wkh vdpsoh ixqfwlrqv wkdw dulvh lq uhjuhvvlrq1
Wkh suhvhqw sdshu vhhnv wr surylgh vrph wrrov wkdw zloo eh xvhixo lq wkh dqdo|vlv
ri wlph vhulhv uhjuhvvlrqv wkdw lqyroyh qrqolqhdu ixqfwlrqv ri lqwhjudwhg surfhvvhv1
Ydulrxv qrqolqhdu ixqfwlrqv wkdw frpprqo| dulvh lq sudfwlfdo qrqolqhdu vwdwlvwlfdo
dqdo|vlv duh vwxglhg1 Wkh uhvxowv vkrz wkdw wkh olplw wkhru| fdq eh yhu| glhuhqw iurp
wkdw iru vlpsoh olqhdu dqg sro|qrpldo ixqfwlrqv ri lqwhjudwhg surfhvvhv1 Wkh fdvh ri
h{srqhqwldo ixqfwlrqv lv hvshfldoo| lqwhuhvwlqj/ ehfdxvh khuh wkh vrmrxuq wlph wkdw
wkh surfhvv ghshqgv lq wkh qhljkerxukrrg ri lwv h{wuhpd ghwhuplqhv wkh dv|pswrwlf
ehkdylru ri wkh vdpsoh ixqfwlrq1 Lq frqvhtxhqfh/ wkh frqyhujhqfh udwh ri vdpsoh
prphqwv ri h{srqhqwldo ixqfwlrqv ri wkh surfhvv lv sdwk ghshqghqw dqg uholhv rq
h{wuhph vdpsoh sdwk uhdol}dwlrqv ri wkh wlph vhulhv1
51 Dvvxpswlrqv dqg Suholplqdu| Uhvxowv
Zh frqvlghu d wlph vhulhv i{|j jhqhudwhg e|
{| @ {|3 .z|> +4,
zkhuh wkh huuru z| iroorzv wkh olqhdu surfhvv




lq zklfk i%|j lv d vhtxhqfh ri l1l1g1 udqgrp yduldeohv zlwk phdq }hur/ dqg iru zklfk
*+4, 9@ 31 Wkh v|vwhp +4, lv lqlwldol}hg dw w @ 3 zlwk {f @ RR+4,1 Rqh ri wkh iroorzlqj






*2m*&m ? 4 dqg H %2| ?41
515 Dvvxpswlrq +d,
S"
&'f nm*&m ? 4 dqg Hm%|mR ? 4 iru vrph s A 51
+e, Wkh glvwulexwlrq ri %| lv devroxwho| frqwlqxrxv zlwk uhvshfw wr wkh Ohehvtxh
phdvxuh/ dqg kdv fkdudfwhulvwlf ixqfwlrq !+w, iru zklfk olp|<" wo!+w, @ 3 iru vrph
u A 31
Iru vlpsolflw|/ dvvxph *+4, @ 4 dqg H %2| @ 41 Rwkhu ydoxhv vlpso| kdyh d vfdolqj
hhfw lq wkh vxevhtxhqw dqdo|vlv1







zklfk wdnhv ydoxhv lq G^3> 4`/ wkh vhw ri fdgodj ixqfwlrqv rq wkh lqwhuydo ^3> 4`1 Skloolsv
dqg Vror +4<<5, vkrz wkdw Dvvxpswlrq 514 lv vx!flhqw wr hqvxuh wkdw Z f? frqyhujhv
zhdno| wr d vwdqgdug olqhdu Eurzqldq prwlrq Z rq ^3> 4`1 Lq rxu frqwh{w/ lw lv
pruh frqyhqlhqw wr hqgrz G^3> 4` zlwk wkh xqlirup wrsrorj| udwkhu wkdq wkh xvxdo
Vnrurkrg wrsrorj| ^vhh Eloolqjvoh| +4<9;,/ ss1 483485`1 Lw wkhq iroorzv iurp wkh
vr0fdoohg Vnrurkrg uhsuhvhqwdwlrq wkhruhp ^h1j1/ Sroodug+4<;7,/ ss1 :4:5` wkdw wkhuh
h{lvwv Z? vxfk wkdw Z? @_ Z f? lq G^3> 4` dqg Z? $d1v1 Z xqlirupo| rq ^3> 4`1
Dnrqrp +4<<6, jlyhv d vshflf udwh ri frqyhujhqfh xqghu Dvvxpswlrq 515+d, xvlqj
vwurqj dssur{lpdwlrq phwkrgv1
516 Ohppd Ohw q $ 41
+d, Li Dvvxpswlrq 5=4 krogv/ wkhq vxsf$o$ mZ?+u,Z +u,m @ r+4, d1v1





Rxu ghyhorsphqw uholhv rq wkh orfdo wlph O+w> v, ri wkh Eurzqldq prwlrq Z +w, dw
v1 O+w> v, lv d mrlqwo| frqwlqxrxv vwrfkdvwlf surfhvv iru zklfk wkh iroorzlqj lpsruwdqw
irupxod dssolhv +h1j1/ Fkxqj dqg Zlooldpv/ 4<<3,1
517 Ohppd +Rffxsdwlrq Wlphv Irupxod, Ohw W eh orfdoo| lqwhjudeoh1 Wkhq
U |
f W +Z +u,,gu @
U"
3" W +v,O+w> v,gv
iru doo w 5 U1
Wkh orfdo wlph O+w> v, kdv dq lqwhusuhwdwlrq dv d vsdwldo +v, rffxsdwlrq ghqvlw| iru
wkh Eurzqldq prwlrq Z 1 Iurp wkh frqwlqxlw| ri O+w> ,/ Ohppd 517 fdq eh dssolhg
zlwk W +{, @ 4 im{ vm ? %j wr jlyh





f 4 imZ +u, vm ? %j gu> +6,
wkh uhsuhvhqwdwlrq zklfk h{sodlqv zk| O+> v, lv fdoohg wkh orfdo wlph ri Z dw v1
5
Zh ghqh
Q?+?> d> e, @
U 




f 4id  ?Z +u,  ejgu> +8,
zkhuh d dqg e duh qrqudqgrp frqvwdqwv/ dqg ? A 3 iru doo q1 Wkh iroorzlqj xvhixo
uhvxow lv gxh wr Dnrqrp +4<<6,1
518 Ohppd Ohw Dvvxpswlrq 5=5 krog1 Wkhq dv q $ 4













iru ?  ?q32ERn*R dqg
dq| % A 31
Lw iroorzv iurp +6, wkdw +?@?,Q+?> 3> ?, $@r O+4> 3, dv q $ 41 Dqg iurp
Ohppd 518+e,/ +?@?,Q?+?> 3> ?, @ O+4> 3,. rR+4, iru ?  ?q3E2R3*Rn0 zlwk
vrph % A 31 Lq wklv vhqvh/ dq dssursuldwho| ghqhg Q? dssur{lpdwhv O iru odujh q1
Dovr qQ?+?>d> e, lv wkh qxpehu ri ylvlwv ri wkh surfhvv ?Z?+u, wr wkh lqwhuydo ^d> e`1
61 Ixqfwlrqv ri Qrupdol}hg Lqwhjudwhg Surfhvvhv
Zh vwduw e| lqyhvwljdwlqj wkh dv|pswrwlf ehkdylru ri ixqfwlrqv ri qrupdol}hg lqwh0
judwhg surfhvvhv1 Vxfk ixqfwlrqv vrphwlphv dulvh lq prghov irupxodwhg zlwk qrqolqhdu
ixqfwlrqv ri vwdqgdugl}hg sduwldo vxpv ri vwdwlrqdu| wlph vhulhv1 Ohw W eh d phdvxu0
deoh wudqvirupdwlrq lq U1 Zh zloo frqvlghu uhjxodu wudqvirupdwlrqv W ghqhg dv
iroorzv1
614 Ghqlwlrq D wudqvirupdwlrq W lv vdlg wr eh uhjxodu li dqg rqo| li/ rq hyhu|
frpsdfw vhw F/ wkhuh h{lvw W 0> W 0 dqg 0 A 3 iru hdfk % A 3 vdwlvi|lqj
W 0+{,  W +|,  W 0+{, +9,
iru doo {> | 5 F vxfk wkdw m{ |m ? 0/ dqgU


W 0  W 0

+{, g{ $ 3 +:,
dv % $ 3
Wkh fodvv ri uhjxodu wudqvirupdwlrqv lqfoxghv orfdoo| erxqghg prqrwrqh ixqfwlrqv
dqg frqwlqxrxv ixqfwlrqv1 Iru d orfdoo| erxqghg prqrwrqh lqfuhdvlqj ixqfwlrq/ iru
lqvwdqfh/ vhw W 0+{, @ W +{  %,> W 0+{, @ W +{ . %, dqg 0 @ %1 Olnhzlvh/ zh vhw
W 0+{, @ W +{, % dqg W 0+{, @ W +{, . % iru d frqwlqxrxv ixqfwlrq zlwk wkh xvxdo 0
iru wkh % irupxodwlrq ri xqlirup frqwlqxlw|1 Lw lv hdv| wr vhh wkdw frqglwlrqv +9,
dqg +:, duh vdwlvhg iru vxfk fkrlfhv1 Wkh| zrun iru dq| frpsdfw vhw1 Lw lv dovr fohdu
wkdw qlwh vxpv ri orfdoo| erxqghg prqrwrqh ixqfwlrqv +dqg khqfh ixqfwlrqv zklfk
duh orfdoo| ri erxqghg yduldwlrq, dqg slhfhzlvh frqwlqxrxv ixqfwlrqv duh uhjxodu1
6










_$ U f W +Z +u,,gu
dv q $ 41
616 Uhpdunv
+d, Dq| uhjxodu wudqvirupdwlrq W lv orfdoo| lqwhjudeoh1 Wkh orfdo lqwhjudelolw|
ri W jxdudqwhhv wkdw wkh olplwlqj glvwulexwlrq lv zhoo ghqhg1 Lqghhg/ W lv orfdoo|
lqwhjudeoh li dqg rqo| li
Su
qU |
f W +Z +u,,gu h{lvwv iru doo w
r
@ 4
^vhh/ h1j1/ Ndudw}dv dqg Vkuhyh +4<;;,/ Sursrvlwlrq 915:/ s1 549`1 Zh qhhg d vwurqjhu
frqglwlrq wr hqvxuh wkdw wkh olplwlqj glvwulexwlrq lv lqyduldqw dfurvv glhuhqw gdwd
jhqhudwlqj surfhvvhv1
+e, Jlyhq d wudqvirupdwlrq W rq U/ zh ghqh d ixqfwlrqdo A rq G^3> 4` jlyhq
e|
A = i :$
U 
f W +i+u,,gu
Iru W ghqlqj d frqwlqxrxv A rq G^3> 4`/ wkh uhvxow lq Wkhruhp 615 iroorzv gluhfwo|
iurp wkh frqwlqxrxv pdsslqj wkhruhp ^h1j1/ Eloolqjvoh| +4<9;,/ Wkhruhp 814/ s1 63`1
Xqlirupo| frqwlqxrxv W jhqhudwh vxfk d ixqfwlrqdo1 Li W lv frqwlqxrxv/ exw qrw
xqlirupo| frqwlqxrxv/ wkh fruuhvsrqglqj A lv dvvxuhg ri ehlqj frqwlqxrxv rqo| rq
F^3> 4`/ d vxevhw ri G^3> 4`1 Exw wkh frqwlqxrxv pdsslqj wkhruhp vwloo dssolhv/ vlqfh
F^3> 4` lv ri Zlhqhu phdvxuh rqh1 Lqghhg/ wkh surri ri Wkhruhp 615 vkrzv wkdw/ iru
dq| uhjxodu W> A lv frqwlqxrxv rq d vxevhw ri G^3> 4` zlwk Zlhqhu phdvxuh rqh1
+f, Wkh ixqfwlrqv
W +{, @ orj m{m dqg W +{, @ m{mV iru  4 ?  ? 3 +;,
duh orfdoo| lqwhjudeoh dqg wkhuhiruh
U 
f W +Z +u,,gu lv zhoo ghqhg iru vxfk ixqfwlrqv1
Krzhyhu/ wkh| duh qrw uhjxodu dqg Wkhruhp 615 grhv qrw dsso|1
Wr ghdo zlwk vxfk ixqfwlrqv zh pd| surfhhg dv iroorzv1 Ohw W eh orfdoo| lqwhjudeoh
zlwk d sroh ru orjdulwkplf w|sh ri glvfrqwlqxlw| dw d fhuwdlq srlqw/ vd|/ }hur1 Ghqh
W?+{, @ W +{,4im{m  f?j
. W +f?,4i3 ? { ? f?j. W +f?,4if? ? { ? 3j +<,
Vlplodu prglfdwlrqv fdq eh pdgh iru wudqvirupdwlrqv zlwk glvfrqwlqxlwlhv dw srlqwv
rwkhu wkdq }hur1
617 Wkhruhp Ohw W eh orfdoo| lqwhjudeoh1 Vxssrvh iru d vhtxhqfh if?j vxfk wkdw
f? $ 3 dqg f?  q32ERn*R/
mW +{, W +|,m  +f?,m{ |m
7
zlwk +f?, @ R+qER32*2R, iru doo {> | 5 i}mm}m  f?j/ dqg W +	f?, @ R+qE2R3*Rn0,










_$ U f W +Z +u,,gu
dv q $ 41
618 Uhpdunv
+d, Wkh frqglwlrqv lq Wkhruhp 617 uhtxluh wkdw wkh ixqfwlrq W eh Olsvfklw} frq0
wlqxrxv rq i{ = m{m  f?j1 Dovr/ wkh ydoxh ri wkh ixqfwlrq W +	f?, durxqg wkh
glvfrqwlqxlw| srlqw dqg wkh Olsvfklw} frqvwdqw +f?, pd| qrw jurz wrr txlfno| zlwk
q1
+e, Iru wkh orjdulwkplf ixqfwlrq W +{, @ orj m{m/ wkh frqglwlrqv lq Wkhruhp 617
duh vdwlvhg zlwk f? @ q3B iru dq|  vxfk wkdw 3 ?   +s  5,@5s1 Iru wkh
uhflsurfdo ixqfwlrq W +{, @ m{mV zlwk 4 ?  ? 3/ rqh pd| fkrrvh f? @ q3B iru
3 ?  ? +s 5,@5s+4 , wr vkrz wkdw wkh uhvxow lq Wkhruhp 617 lv dssolfdeoh1
+f, Iru dq| {hg q/ W dqg W? duh lghqwlfdo ryhu dq| qlwh vhw ri qrq}hur srlqwv/
li zh wdnh f? wr eh vpdoohu wkdq wkh plqlpxp ri wkhlu prgxol1 Wkhuhiruh/ li i{|j lv
gulyhq e| dq huuru surfhvv zkrvh xqghuo|lqj glvwulexwlrq lv ri wkh frqwlqxrxv w|sh
vshflhg lq Dvvxpswlrq 515+e,/ wkhq W dqg W? duh sudfwlfdoo| lqglvwlqjxlvkdeoh lq
qlwh vdpsohv1
71 Dgglwlyh Ixqfwlrqdov ri Eurzqldq Prwlrq
Wkh dv|pswrwlf ehkdylru ri ixqfwlrqv ri xqqrupdol}hg lqwhjudwhg surfhvvhv fdq eh
txlwh glhuhqw iurp wkh uhvxowv lq wkh suhylrxv vhfwlrq1 Lq sduwlfxodu/ wkh dv|pswrwlfv
ghshqg lq d pruh fulwlfdo zd| rq wkh surshuwlhv ri wkh ixqfwlrqv lqyroyhg1 Wr looxvwudwh
wkh ghshqghqflhv wkdw dulvh/ zh uvw lqyhvwljdwh wkh dv|pswrwlf ehkdylru ri dgglwlyh
ixqfwlrqdov ri Eurzqldq prwlrq jlyhq e|U b|
f W +Z +u,,gu
dv  $ 41 Wkh uhvxowv iurp wklv vhfwlrq zloo eh dssolfdeoh lq wkh vwdwlvwlfdo dqdo|vlv
ri wkh gdwd wkdw duh frqwlqxrxvo| uhfrughg iurp Eurzqldq prwlrq/ ru lq wkh ghyho0
rsphqw ri wkh dv|pswrwlfv zkhq wkh vdpsolqj iuhtxhqf|/ dv zhoo dv wkh wlph vsdq ri
wkh gdwd/ lqfuhdvhv1 Dssolfdwlrqv ri wklv w|sh rffxu lq hfrqrphwulfv/ hvshfldoo| zlwk
qdqfldo gdwd +h1j1 Vkloohu dqg Shuurq/ 4<;9/ dqg Skloolsv/ 4<;:,1 Pruh gluhfwo|/ wkh
olplw ehkdylru ri wkhvh ixqfwlrqdov vkhgv oljkw rq wkh ehkdylru ri qrqolqhdu ixqfwlrqv
ri lqwhjudwhg surfhvvhv dqg lv wkhuhe| xvhixo lq wkh ghyhorsphqw ri dq dv|pswrwlf
wkhru| iru uhjuhvvlrq wkdw lqyroyhv vxfk qrqolqhdu ixqfwlrqv1
Wkuhh fodvvhv ri wudqvirupdwlrq duh h{soruhg khuh= lqwhjudeoh +L, ixqfwlrqv/ dv0
|pswrwlfdoo| krprjhqrxv +K, ixqfwlrqv dqg h{sorvlyh +H, ixqfwlrqv1 Wkhvh zloo eh
uhihuuhg wr uhvshfwlyho| dv Fodvvhv +L,/ +K,/ dqg +H, lq wkh sdshu dqg zloo eh ghqrwhg
e| W +L,/ W +K, dqg W +H,1 Pruh h{solflwo| zh ghqh wkhvh fodvvhv dv iroorzv1
8
714 Ghqlwlrq D wudqvirupdwlrq W lv vdlg wr eh lq Fodvv +L,/ ghqrwhg e| W 5 W +L,/
l lw lv lqwhjudeoh1
715 Ghqlwlrq D wudqvirupdwlrq W lv vdlg wr eh lq Fodvv +K,/ ghqrwhg e| W 5
W +K,/ l
W +{, @ +,K+{, .U+{>,
zkhuh K lv orfdoo| lqwhjudeoh/ dqg U lv vxfk wkdw
+d, mU+{> ,m  d+,S +{,/ zkhuh olp vxsb<" d+,@+, @ 3 dqg S lv orfdoo| lqwh0
judeoh/ ru
+e, mU+{> ,m  e+,T+{,/ zkhuh olp vxsb<" e+,@+, ? 4 dqg T lv orfdoo|
lqwhjudeoh dqg ydqlvkhv dw lqqlw|/ l1h1/ T+{, $ 3 dv m{m $ 41
Wudqvirupdwlrqv W 5 W +K, zlwk U vdwlvi|lqj frqglwlrqv +d, dqg +e, zloo eh vdlg wr
ehorqj W +K, dqg W +K2,/ uhvshfwlyho|1
716 Uhpdunv
+d, Li W 5 W +K,/ W kdv dq dv|pswrwlfdoo| grplqdwlqj frpsrqhqw zklfk lv kr0
prjhqrxv1 Doo krprjhqrxv ixqfwlrqv duh ri wklv w|sh/ dqg wkhuhiruh ehorqj wr W +K,
dv orqj dv wkh| duh orfdoo| lqwhjudeoh1 Li W lv krprjhqrxv ri ghjuhh / wkhq zh kdyh
K @ W dqg +, @ V1 H{dpsohv ri vxfk ixqfwlrqv lqfoxgh W +{, @ {V iru  A 3 dqg
W +{, @ vjq+{,1
+e, Wkh qlwh rughu sro|qrpldo jlyhq e| W +{, @ {&.d{&3.   .d& iru n  4 lv
lq W +K,zlwk +, @ & dqg K+{, @ {&1 Iru d+, @ &3md. d2@.   . d&@&3m
dqg S +{, @ 4 . m{m&3/ zh pd| hdvlo| vkrz wkdw mU+{>,m  d+,S +{,1 Fohduo|/
d+,@+, $ 3 dv  $ 4/ dqg S lv orfdoo| lqwhjudeoh iru n  41
+f, Wkh orjdulwkplf ixqfwlrq W +{, @ orj m{m ehorqjv wr W +K,/ zlwk wkh krprjh0
qrxv frpsrqhqw jlyhq e| +, @ orj dqg K+{, @ 41 Wkh uhvlgxdo ixqfwlrq wkhq
ehfrphv U+{> , @ orj m{m1 Wr vhh wkdw lw vdwlvhv wkh deryh frqglwlrqv/ vhw d+, @ 4
dqg S +{, @ orj m{m1 Lwhudwhg orjdulwkplf ixqfwlrqv dqg sro|qrpldov lq orjdulwkpv duh
dovr lq W +K,> zklfk fdq eh vkrzq vlploduo|1
+g, Wkh glvwulexwlrq ixqfwlrq ri dq| udqgrp yduldeoh ehorqjv wr fodvv W +K2,/ zlwk
wkh krprjhqrxv frpsrqhqw vshflhg e| +, @ 4 dqg K+{, @ 4i{  3j1 Fohduo|/
K lv orfdoo| lqwhjudeoh1 Li W lv vxfk d ixqfwlrq/ wkh uhvlgxdo U+{>, lv erxqghg lq
prgxoxv e| T+{,/ zkhuh T+{, @ W +{,4i{ ? 3j . +4  W +{,,4i{  3j1 Lw lv hdv|
wr vhh wkdw T lv orfdoo| lqwhjudeoh dqg ydqlvkhv dw lqqlw|1 Li/ lq sduwlfxodu/ wkh
xqghuo|lqj udqgrp yduldeoh kdv qlwh h{shfwdwlrq/ wkhq T 5 W +L,1
717 Ghqlwlrq D wudqvirupdwlrq W lv vdlg wr eh lq Fodvv +H,/ ghqrwhg e| W 5 W +H,/
l
W +{, @ H+{, .U+{,
zlwk H dqg U vdwlvi|lqj wkh iroorzlqj frqglwlrqv=
+d, H lv prqrwrqh1 Li H lv lqfuhdvlqj +ghfuhdvlqj,/ wkhq lw lv srvlwlyh dqg gli0
ihuhqwldeoh rq Un +U3,1 Ixuwkhupruh/ li zh ghqh J+{, @ orjH+{, rq Un +U3,
9
zlwk ghulydwlyh bJ/ wkhq dv  $ 4/ bJ+{, @ +,G+{, . r++,, xqlirupo| lq d
qhljkerukrrg ri {/ zkhuh G lv srvlwlyh +qhjdwlyh, dqg frqwlqxrxv/ dqg +, $ 41




dv  $ 4/ zkhuh U+{, @ vxs+$% mU+|,m1
718 Uhpdunv
+d, Iru W 5 W +H,/ H ghqrwhv wkh h{srqhqwldo frpsrqhqw wkdw lv dv|pswrwlfdoo|
grplqdwlqj1 Wkh ghulydwlyh ri wkh h{srqhqw ixqfwlrq ri H lv dvvxphg wr eh dv|ps0
wrwlfdoo| krprjhqrxv zlwk edvh ixqfwlrq G dqg ghjuhh ri krprjhqhlw| 1 Li zh zulwh
H+{, @ h{s+J+{,,/ wkhq wkh frqglwlrq +, $ 4 hqvxuhv wkdwJ lqfuhdvhv rqUn +ru
ghfuhdvhv rq U3, idvwhu wkdq wkh orjdulwkplf ixqfwlrq1 Zkhq wkhuh lv vxfk dq h{sr0
qhqwldo frpsrqhqw/ doo rwkhu frpsrqhqwv zlwk sro|qrpldo rughuv ehfrph qhjoljleoh1
Wkh| vdwlvi| rxu frqglwlrqv iru U/ dv rqh pd| hdvlo| fkhfn1
+e, Wkh frqglwlrqv iru wkh h{srqhqwldo frpsrqhqw H ri W 5 W +H, reylrxvo| krog
iru ixqfwlrqv olnh H+{, @ h{s+{V, iru  A 3/ ru H+{, @ {Vh%i{ A 3j iru dq| qlwh 1
Lq wkh iruphu fdvh/ zh kdyh +, @ V3 dqg G+{, @ {V31 Iru wkh odwwhu/ +, @ 4
dqg G+{, @ 41










dv  $ 41




f W +Z +u,,gu
_$ U"3"K+v,O+w> v, gv
dv  $ 41
















f W +Z +u,,gu
_$ 4G+v4?,O+w> v4?,
ghshqglqj xsrq zkhwkhu wkh h{srqhqwldo frpsrqhqw H lv lqfuhdvlqj ru ghfuhdvlqj/ dqg
zkhuh v4@ @ vxsf$o$Z +u, dqg v4? @ lqif$o$Z +u,1
:
71< Uhpdunv
+d, Wkhruhpv 71971; uhyhdo wkdw wkh dv|pswrwlf ehkdylru ri wkh wkuhh glhuhqw
w|shv ri dgglwlyh ixqfwlrqdov ri Eurzqldq prwlrq glhu lq ixqgdphqwdo zd|v1 Iru
lqwhjudeoh ixqfwlrqv/ rqo| wkh orfdo wlph vshqw e| Z lq wkh ylflqlw| ri wkh ruljlq
pdwwhuv1 Wklv lv qrw vr iru dv|pswrwlfdoo| krprjhqrxv ixqfwlrqv/ iru zklfk wkh orfdo
wlph ri Z dw doo srlqwv frqwulexwhv wr wkh olplw glvwulexwlrq1 Ilqdoo|/ wkh orfdo wlph
wkdw Z vshqgv lq wkh qhljkerukrrg ri rqh ri lwv h{wuhpd frpsohwho| ghwhuplqhv wkh
dv|pswrwlf ehkdylru ri dq h{sorvlyh ixqfwlrq1
+e, Wkh frqyhujhqfh udwhv iru h{sorvlyh ixqfwlrqv duh sdwk0ghshqghqw/ l1h1/ wkh|
ghshqg qrw rqo| rq wkh vl}h ri wkh vdpsoh exw dovr rq wkh dfwxdo sdwk ri wkh vdpsoh
e| yluwxh ri wkh idfw wkdw vxso Z +u, dqg lqio Z +u, lq xhqfh wkh frqyhujhqfh udwh1
81 Ixqfwlrqv ri Lqwhjudwhg Surfhvvhv
Qrw vxusulvlqjo|/ wkh prphqwv ri ixqfwlrqv ri lqwhjudwhg surfhvvhv dv|pswrwlfdoo|
ehkdyh udwkhu olnh wkh fruuhvsrqglqj dgglwlyh ixqfwlrqdov ri Eurzqldq prwlrq1 Zh
mxvw qhhg vrph h{wud frqglwlrqv wr pdnh wkhlu olplwlqj ehkdylru lqyduldqw zlwk uhvshfw
wr wkh xqghuo|lqj gdwd jhqhudwlqj surfhvvhv1
814 Wkhruhp Vxssrvh W 5 W +L, dqg Dvvxpswlrq 5=5 krogv zlwk s A 71 Li W lv
vtxduh lqwhjudeoh dqg vdwlvhv wkh Olsvfklw} frqglwlrq
mW +{, W +|,m  fm{ |m











dv q $ 41
815 Uhpdunv
+d, Iru dq lqglfdwru ixqfwlrq rq d erxqghg vhw/ wkh uhvxow lq Wkhruhp 814 lv
dssolfdeoh dv orqj dv s A 71 Wkh Olsvfklw} ixqfwlrq zlwk c @ 4 uhtxluhv/ lq sduwlfxodu/
wkdw s A ;1
+e, Wkh froohfwlrq ri wudqvirupdwlrqv iru zklfk Wkhruhp 814 dssolhv lv forvhg
xqghu wkh rshudwlrq ri qlwh olqhdu frpelqdwlrqv1 Wkxv/ wkh uhvxow lq Wkhruhp 814
krogv iru dq| slhfhzlvh ixqfwlrq iru zklfk hdfk slhfh vdwlvhv wkh jlyhq frqglwlrqv1
816 Wkhruhp Ohw W 5 W +K, zlwk K+, uhjxodu1 Dovr/ dvvxph wkdw W lv hlwkhu lq
W +K, zlwk S orfdoo| erxqghg/ ru lq W +K2, zlwk T erxqghg dqg ydqlvklqj dw lqqlw|1









dv q $ 41
;
817 Uhpdunv
+d, Iru Wkhruhp 816/ zh rqo| qhhg Dvvxpswlrq 5141 Wklv lv lq frqwudvw wr Wkhr0
uhpv 814 dqg 818 iru ixqfwlrqv lq W +L, dqg W +H,/ zkhuh wkh vwurqjhu Dvvxpswlrq 515
lv lqyrnhg1
+e, Wkh uhvxow lq Wkhruhp 816 lv dssolfdeoh wr vxfk ixqfwlrqv dv W +{, @ {V iru
 A 3/ W +{, @ vjq+{,/ W +{, @ {&.d{&3.  .d& iru n  4/ dqg wr doo glvwulexwlrq
ixqfwlrq0olnh wudqvirupdwlrqv1
818 Wkhruhp Ohw W 5 W +H, dqg +, @ 6 zlwk p ? +s  ;,@9s1 Li Dvvxpswlrq




















ghshqglqj xsrq zkhwkhu wkh h{srqhqwldo frpsrqhqw H lv lqfuhdvlqj ru ghfuhdvlqj1
819 Uhpdunv
+d, Wkh frqyhujhqfh udwhv duh sdwk0ghshqghqw/ dv lq Wkhruhp 71;/ l1h1/ wkh| gh0
shqg xsrq pd{{| ru plq{|/ w @ 4> = = = > q/ uhvshfwlyho| iru wkh lqfuhdvlqj dqg ghfuhdv0
lqj h{srqhqwldo frpsrqhqw ri wkh wudqvirupdwlrq lq W +H,1
+e, Wkh uhvxow lq Wkhruhp 818 lv dssolfdeoh iru h{sorvlyh ixqfwlrqv vxfk dv
{V h{s+{,i{ A 3j/ dv orqj dv s A ;1 Krzhyhu/ zh rqo| doorz ixqfwlrqv wr eh plogo|
h{sorvlyh1 Ixqfwlrqv olnh W +{, @ h{s+{2, duh h{foxghg1 Wkh dv|pswrwlf ehkdylruv ri
vxfk ixqfwlrqv pd| qrw eh lqyduldqw/ dqg fdq eh pruh ghshqghqw xsrq wkh xqghuo|lqj
gdwd jhqhudwlqj surfhvv1
91 Qrqolqhdu Uhjuhvvlrq Looxvwudwlrqv zlwk
Lqwhjudwhg Surfhvvhv
Lq wklv vhfwlrq/ zh eulh | vkrz krz wr dsso| wkh deryh wkhru| wr ghyhors uhjuhvvlrq
dv|pswrwlfv iru prghov zlwk wudqviruphg lqwhjudwhg uhjuhvvruv1 Ohw i{|j eh jhqhudwhg
e| +4, dqg +5, dqg frqvlghu wkh uhjuhvvlrq prgho
|| @ i+{|, . x|> +43,
iru w @ 4> = = = > q/ zkhuh  lv wkh uhjuhvvlrq frh!flhqw/ i lv d wudqvirupdwlrq lq U/ dqg












Zkhq i lv wkh lghqwlw| wudqvirup/ uhjuhvvlrq +43, uhgxfhv wr zkdw lv nqrzq dv +d
olqhdu, frlqwhjudwlqj uhjuhvvlrq1 Vxfk uhjuhvvlrqv kdyh ehfrph yhu| srsxodu lq wlph
<
vhulhv hfrqrphwulfv iroorzlqj wkh zrun ri Hqjoh dqg Judqjhu +4<;:,1 Krzhyhu/ lw lv qrw
dozd|v fohdu wkdw wkh uhodwlrqvkls ehwzhhq || dqg {| lv olqhdu dqg vxfk frqvlghudwlrqv
ohdg qdwxudoo| wr prghov ri wkh irup +43, +mxvw dv lq wkh fdvh zkhuh || dqg {| duh
vwdwlrqdu|,1
Ohw iI|j eh wkh qdwxudo owudwlrq iru ix|j/ dqg dvvxph=
914 Dvvxpswlrq +d, ix|j lv lqghshqghqw ri iz|j/ dqg
+e, +x|>I|, lv d pduwlqjdoh glhuhqfh vhtxhqfh zlwk H+x2| mI|3, @ 2 iru doo w/
dqg vxs|H+mx|m^mI|3, ? 4 d1v1 iru vrph t A 51
Dvvxpswlrq 914 +d, lv vwurqjhu wkdq lv qhhghg/ exw lv pdgh iru vlpsolflw| wr kljkoljkw
wkh hhfw ri wkh qrqolqhdu wudqvirupdwlrq rq wkh uhjuhvvlrq dv|pswrwlfv1 Dv ehiruh/
zh ohw 2 @ 4/ vlqfh lw kdv rqo| d vfdolqj hhfw1
Wkh ohppd wkdw iroorzv jlyhv wkh Vnrurkrg hpehgglqj ri d sduwldo vxp dqg d
vwurqj dssur{lpdwlrq wr lwv txdgudwlf yduldwlrq dv lq Skloolsv dqg Sorehujhu +4<<9,1
Lw lv xvhixo lq wkh ghulydwlrq ri wkh uhjuhvvlrq dv|pswrwlfv lq Wkhruhp 916 ehorz1
915 Ohppd Ohw Dvvxpswlrq 9=4+e, krog1 Wkhq wkhuh h{lvwv d suredelolw| vsdfh vxs0
sruwlqj d vwdqgdug olqhdu Eurzqldq prwlrq X dqg dq lqfuhdvlqj vhtxhqfh ri vwrsslqj












 |  wqB
 d1v1$ 3
dv q $ 4 iru dq|  A pd{+4@5> 5@t,1
Lq ylhz ri Dvvxpswlrq 914+d,/ zh pd| dvvxph wkdw Z dqg X duh lqghshqghqw/ dqg
ghqhg rq d frpprq suredelolw| vsdfh1
916 Wkhruhp Ohw W @ i2 dqg ghqrwh e| Y d vwdqgdug olqhdu Eurzqldq prwlrq
lqghshqghqw ri Z 1 Vxssrvh Dvvxpswlrq 9=4 krogv1
+d, Li W vdwlvhv wkh frqglwlrqv lq Wkhruhp 8=4> wkhq dv q $ 4
e
s
q +a?  , _$ Y +4,U"
3" W +v,gvO+4> 3,
*2




q, +a?  , _$ Y +4,U"
3"K+v,O+4> v,gv
*2

















+a?  , _$ G+v4?,
*2Y +4,
O+4> v4?,*2
ghshqglqj xsrq zkhwkhu wkh h{srqhqwldo frpsrqhqw H lv lqfuhdvlqj ru ghfuhdvlqj1
Wkhruhp 916 vkrzv wkdw a? lv frqvlvwhqw zkhq wkh frqglwlrqv lq Wkhruhpv 814
dqg 818 duh phw iru W @ i21 Dovr/ lw lv frqvlvwhqw li W @ i2 vdwlvhv wkh frqglwlrqv
lq Wkhruhp 816 zlwk 2+, $ 4 dv  $ 41 Wkxv/ zh pd| jhqhudoo| h{shfw
frqvlvwhqf|/ lq wkh vdph zd| dv lq rwkhu wlph vhulhv uhjuhvvlrqv xqghu shuvlvwhqw
h{flwdwlrq1 Wkh olplwlqj glvwulexwlrqv duh pl{hg qrupdo/ lq wkh vdph zdv dv iru
frlqwhjudwlqj uhjuhvvlrqv +Skloolsv/ 4<:4,1 Wkh udwh ri frqyhujhqfh/ krzhyhu/ zloo ydu|
ghshqglqj rq i 1 Lw fdq eh idvwhu wkdq wkh frqyhujhqfh udwh +q, iru olqhdu frlqwhjudwlqj
uhjuhvvlrqv/ exw lw fdq dovr eh vorzhu wkdq wkh
s
q udwh iru vwdwlrqdu| uhjuhvvlrq1 Zkhq
i lv h{sorvlyh/ dv lq wkh fdvh ri h{srqhqwldo ixqfwlrqv/ wkh frqyhujhqfh udwh iru a? lv
ghshqghqw xsrq wkh hqwluh vdpsoh sdwk ri {|/ dv zhoo dv wkh vdpsoh vl}h1
Vlqfh wkh vdpsoh sdwk ri dq lqwhjudwhg surfhvv w|slfdoo| vkrzv wuhqglqj ehkdy0
lru/ lw lv lqwhuhvwlqj wr frpsduh +43, zlwk qrqolqhdu uhjuhvvlrqv rq ghwhuplqlvwlfdoo|
wuhqglqj uhjuhvvruv1 Wr eh h{solflw/ frqvlghu wkh iroorzlqj wzr uhjuhvvlrqv
|| @







zkhuh  A 3 lv d nqrzq frqvwdqw/ dqg wkh rwkhu qrwdwlrq lv ghqhg dv lq +43,1
Wkh ohdvw vtxduhv hvwlpdwruv ri  lq +44, dqg +45, duh ghqrwhg/ uhvshfwlyho|/ e| a?
dqg ?1 Xqolnh ?/ a? lv qrw surshuo| ghqhg zlwkrxw vrph prglfdwlrq/ vlqfh
{| pd| wdnh ydoxhv lq wkh qhljkerukrrg ri }hur +ru frxog hyhq eh }hur zlwk srvlwlyh
suredelolw| lq wkh fdvh ri glvfuhwh lqqrydwlrqv z|, lq zklfk fdvh wkh uhjuhvvlrq ixqfwlrq
lv vlqjxodu1 Wkhuhiruh/ zh iroorz wkh frqyhqwlrq lqwurgxfhg lq +<,/ dqg dvvxph wkdw
a? lv frpsxwhg iurp d uhjuhvvlrq rq {?| @ {|im{|m  f?j . f?im{|m ? f?j +lq olhx ri
{|, zlwk f? @ q3B iru 3 ?  ? +s 5,@5s+4 . 5,1 Vhh Uhpdun 618+e, iru rxu fkrlfh
ri f? khuh1 Zh ohw Dvvxpswlrq 515 krog lq wkh vxevhtxhqw glvfxvvlrq1
Wkh dv|pswrwlf ehkdylru ri erwk a? dqg ? duh fulwlfdoo| ghshqghqw xsrq wkh
ydoxh ri 1 Iru 3 ?  ? 4@5/ erwk a? dqg  duh frqvlvwhqw/ dqg kdyh olplwlqj
glvwulexwlrqv jlyhq/ uhvshfwlyho|/ e|
















Li  A 4@5/ krzhyhu/ wkh dv|pswrwlf ehkdylru lv yhu| glhuhqw1
44
Zkhq  @ 4@5/ +orjq,*2+?, $_ Y +4, dqg ? iurp uhjuhvvlrq +45, lv wkhuhiruh




2q ? 4 iru  A 4@5/ dqg wkh h{flwdwlrq frqglwlrq idlov wr krog1
Idxow| lqwxlwlrq khuh pljkw vxjjhvw wkdw uhjuhvvlrq +45, zlwk  @ 4@5 lv dqdorjrxv wr
uhjuhvvlrq +44, zlwk  @ 4/ ehfdxvh {| @ RR+
s
w,1 Wklv pljkw ohdg wr wkh frqmhfwxuh
wkdw a? iurp uhjuhvvlrq +44, ehfrphv lqfrqvlvwhqw zkhq  A 41 Lqwhuhvwlqjo|/ krzhyhu/
a? iurp uhjuhvvlrq +44, lv frqvlvwhqw iru doo ydoxhv ri / lqfoxglqj  A 4/ dv vkrzq lq
wkh iroorzlqj sursrvlwlrq/ zklfk hvwdeolvkhv wkh ydolglw| ri wkh h{flwdwlrq frqglwlrq
iru wkh uhjuhvvru lq +44, iru doo 1




dv q $ 4/ iru dq|  9@ 41
:1 Frqfoxvlrq
Wkh h{dpsohv jlyhq lq wkh suhylrxv vhfwlrq lqyroyh prghov wkdw duh olqhdu lq wkh
sdudphwhuv dqg qrqolqhdu lq wkh uhjuhvvru1 Vxfk prghov duh reylrxvo| yhu| vlp0
soh h{dpsohv ri uhjuhvvlrqv wkdw lqyroyh qrqolqhdu ixqfwlrqv ri lqwhjudwhg surfhvvhv
dqg rxu wkhru| wkhuhiruh surylghv rqo| d edvlf h{whqvlrq ri frlqwhjudwlqj uhjuhvvlrq
dv|pswrwlfv1 Lq vslwh ri wkhlu vlpsolflw|/ krzhyhu/ wkhvh prghov gr looxvwudwh vrph
lpsruwdqw ihdwxuhv ri pruh jhqhudo qrqolqhdu frlqwhjudwlqj uhjuhvvlrq sureohpv1
Iluvw/ lw lv dssduhqw wkdw wkh vljqdo hpdqdwlqj iurp d qrqvwdwlrqdu| uhjuhvvru fdq
eh vxevwdqwldoo| dowhuhg lq vwuhqjwk e| qrqolqhdu wudqvirupdwlrqv1 Pruhryhu/ dv wkh
vwuhqjwk ri wkh vljqdo lv prglhg/ wkh fruuhvsrqglqj udwh ri frqyhujhqfh ri wkh uhjuhv0
vlrq frh!flhqw lv dhfwhg1 Rxu vlpsoh h{dpsohv vkrz wkdw qrqolqhdu wudqvirupdwlrqv
fdq ghfuhdvh wkh udwh ri frqyhujhqfh ryhu wkdw ri d olqhdu frlqwhjudwlqj uhjuhvvlrq dv
zhoo dv lqfuhdvh wklv udwh1 Vhfrqg/ wkh udwh ri frqyhujhqfh pd| lq vrph fdvhv eh sdwk
ghshqghqw/ lq wkh vhqvh wkdw wkh udwh lwvhoi lv vwrfkdvwlf dqg ghshqgv rq surshuwlhv
ri wkh surfhvv olnh lwv pd{lpxp ru plqlpxp1 Ilqdoo|/ wkh olplw wkhru| lq doo fdvhv
frqvlghuhg wxuqv rxw wr eh pl{hg qrupdo/ dv lq olqhdu frlqwhjudwlqj uhjuhvvlrqv1 Lq0
ghhg/ li d Jdxvvldq olnholkrrg dssurdfk zhuh dgrswhg/ wkh olnholkrrg zrxog wxuq rxw
wr eh lq wkh orfdoo| dv|pswrwlfdoo| pl{hg qrupdo fodvv/ vr wkdw dq rswlpdo wkhru| ri
lqihuhqfh fdq eh ghyhorshg +f1i Mhjdqdwkdq/ 4<<8/ dqg Skloolsv/ 4<<4,1
Qrw dgguhvvhg lq wklv sdshu lv wkh jhqhudo wdvn ri ghyhorslqj d wkhru| ri uhjuhvvlrq
iru qrqolqhdu ixqfwlrqv ri qrqvwdwlrqdu|uhjuhvvruv lq zklfk wkh sdudphwhuv dovr hqwhu
lq d qrqolqhdu idvklrq1 Wklv wdvn lv pruh frpsoh{ dqg ri eurdghu vfrsh wkdq zkdw
kdv ehhq frpsohwhg lq wklv sdshu/ exw wkh uhvxowv uho| lqwlpdwho| rq wkh phwkrgv zh
kdyh lqwurgxfhg khuh1 Wkh uhvxowv ri wkh eurdghu lqyhvwljdwlrq zloo eh uhsruwhg e|
wkh dxwkruv lq d vxevhtxhqw sdshu1
45
;1 Surriv
;14 Surri ri Ohppd 516 Sduwv +d, dqg +e, duh uhvshfwlyho| Wkhruhp 617 ri Skloolsv
dqg Vror +4<<5, dqg Wkhruhp 6 ri Dnrqrp +4<<6,1
;15 Surri ri Ohppd 517 Vhh h1j1/ Fruroodu| :17 ri Fkxqj dqg Zlooldpv +4<<3,1
;16 Surri ri Ohppd 518 Lq zkdw iroorzv/ ohw Q?+d> e, @ Q?+?>d> e, wr vlpsoli|




Q?+3> , &Q?+> +n . 4,,










Q?+n> +n . 4,, &Q?+> +n . 4,,







zkhuh f lv vrph frqvwdqw ghshqglqj rqo| xsrq wkh glvwulexwlrq ri i%|j dqg i*&j1 Wkh
vwdwhg uhvxow qrz iroorzv lpphgldwho| vlqfh









Q?+n> +n . 4,, &Q?+> +n . 4,,
2
Sduw+e, lv gxh wr Dnrqrp +4<<6,/ Wkhruhp 71 
















Ohw F @ ^v4?4> v4@ .4`/ zkhuh v4? dqg v4@ duh ghqhg dv lq Wkhruhp 71;1 Gxh
wr Ohppd 516 +d,/ zh pd| wdnh q vx!flhqwo| odujh vr wkdw vxs mZ?+u,Z +u,m ? 0
iru dq| 0 A 3/ dqg wkdw erwkZ? dqgZ duh lq F d1v1 +Qrwh wkdw F lv sdwk ghshqghqw
rq Z e| frqvwuxfwlrq1, Wkhuhiruh/
W 0 +Z +u,,  W +Z?+u,,  W 0 +Z +u,, +46,



























dv % $ 3/ gxh wr +:,1 Wkh vwdwhg uhvxow qrz hdvlo| iroorzv iurp +46, dqg +47,1 Iru
wkh fdvh {f 9@ 3/ vlpso| uhsodfh Z? zlwk {f@sq.Z? lq wkh deryh surri1 
46



































dqg vkrz U 
f




W +Z +u,, gu
  D? .E? @ rR+4,
ehorz1
Jlyhq wkh frqglwlrqv rq wkh rughuv ri +f?, dqg W +	f?,/ zh pd| hdvlo| ghgxfh













4 imZ +u,m ? f?jgu
 @ rR+4, +48,














4 imZ +u,m ? f?j gu @ r+4, d1v= +49,





4 imZ +u,m  f?j gu @ f?W +	f?, +O+4> 3, . r+4,, d1v1$ 3>
vlqfh W lv orfdoo| lqwhjudeoh dqg wkhuhiruh f?W +	f?, $ 3 iru f? $ 31 Pruhryhu/U

f












W +Z +u,, gu>
e| grplqdwhg frqyhujhqfh dqg uhshdwhg dssolfdwlrqv ri Ohppd 5171 Qrwlfh wkdw
W +,im  m  f?j $ W +, srlqwzlvh h{fhsw dw }hur/ zklfk lv ri Ohehvtxh phdvxuh }hur1
Wkh vwdwhg uhvxow qrz iroorzv iurp +48, dqg +49,1






























gu  U 
f
W +Z +u,, gu>
lqvwhdg ri D? dqg E?> dqg wkh vwdwhg uhvxow krogv lq wkh vdph zd|1 
47
;19 Surri ri Wkhruhp 719 Vhh Sursrvlwlrq 515 lq Fkdswhu [LLL ri Uhyx} dqg \ru
+4<<7,1 

















f W +Z +u,, gu
@
U |




fU +Z +u,> , gu=
Vlqfh K lv dvvxphg wr eh orfdoo| lqwhjudeoh/U |
fK +Z +u,,gu @
U"
3"K+v,O+w> v,gv>




fU +Z +u,> , gu
d1v1$ 3
wr qlvk wkh surri1




f mU +Z +u,> ,mgu  @EbDEb
U |
f S +Z +u,, gu
d1v1$ 3>




f mU +Z +u,> ,mgu  KEbDEb
U |





Vlqfh T ydqlvkhv dw lqqlw|/ T+v, $ 3 iru doo v h{fhsw v @ 3/ zklfk lv ri Ohehvtxh
phdvxuh }hur1 Zh pd| dvvxph z1o1r1j1 wkdw T lv prqrwrqh ghfuhdvlqj +lqfuhdvlqj,
dv { $ 4 +{ $ 4,/ e| frqvlghulqj TW/ TW+{, @ vxs+D%T+|,/ lq sodfh ri T/ li
qhfhvvdu|1 Qrz/ iru doo   4/ T+, lv erxqghg e| T+, zklfk lv orfdoo| lqwhjudeoh1
Vlqfh O+w> , kdv frpsdfw vxssruw iru dq| {hg w/ zh kdyhU"
3"T+v,O+w> v,gv
d1v1$ 3> +4:,
e| grplqdwhg frqyhujhqfh1 
;1; Surri ri Wkhruhp 71; Zh ohw H eh lqfuhdvlqj1 Wkh surri iru wkh ghfuhdvlqj
H lv txlwh vlplodu/ dqg rplwwhg1 Lq wkh surri/ zh ohw v4@ @ v dqg v4? @ v iru


























f W +Z +u,, gu>
48













fH +Z +u,, gu +4 . r+4,, d1v1 +4;,














e| wkh frqglwlrq rq U1













f H ++v v,,O+w> v v,gv= +4<,
Qrz zh fkrrvh d ixqfwlrq v+,  3 ri  vxfk wkdw
v+, $ 3 dqg +,v+, $ 4> +53,












wr qlvk wkh surri1 Qrwh iru 3  v  v+, wkdw
J ++v v,,J+v, @ v bJ ++v vf+,,,
@ +,v +G+v, . rd1v1+4,, > +56,
xqlirupo| lq v iru odujh / zkhuh 3  vf+,  v+,1 E| +53,/ v+,> vf+, $ 3 dv
 $ 41
Vxevhtxhqwo| xvlqj wkh idfw wkdw H lv lqfuhdvlqj dqg
U"
3" O+w> v, gv @ w/ dorqj




rEbH ++v v,,O+w> v v,gv
 +,wH ++v v+,,
H+v,
@ +,w h{s +J ++v v+,,,J+v,,
@ +,w h{s ++,v+, +G+v, . r+4,,, d1v1$ 3>
49





f H ++v v,,O+w> v v, gv
@ +,
U rEb
f h{s ++,vG+v,+4 . r+4,,,O+w> v v,gv
@ O+w> v,+,
U rEb
f h{s ++,vG+v,, gv +4 . r+4,,
@ O+w> v,
U bDEbrEb




dqg wklv suryhv +55,1 














Li {f 9@ 3/ wkhq zh pd| frqvlghu wkh ixqfwlrq W +. {f, lq sodfh ri W +,1 Lw lv hdv| wr
vhh wkdw doo wkh surriv jr wkurxjk xqghu wklv uhsodfhphqw1
Qrz ohw
? @ q
@ dqg ? @ q
3K +57,
iru d> e A 3 vdwlvi|lqj
d +4 . c,e ? 3 +58,
+9e 4,s. 5 ? 3 +59,
5d 4 ? 3 +5:,
7d 7e 4 ? 3 +5;,
+d e,s 4 A 3 +5<,
dqg ghqh W?/ W ? dqg W ? e|
W?+{, @ W +{,4i??  { ? ??j
W ?+{, @ W +{,4i{  ??j
W ? +{, @ W +{,4i{ ? ??j
































gu @ rR+4,> +65,
4:
iurp zklfk wkh vwdwhg uhvxow iroorzv gluhfwo|1 Iru qrwdwlrqdo euhylw|/ vhw ? @
s
q/
dqg ohw Q?+d> e, @ Q?+?> d> e, dqg Q+d> e, @ Q+?> d> e, lq zkdw iroorzv/ iru Q? dqg
Q ghqhg lq +7, dqg +8,1




W +n?,4 in?  { ? +n . 4,?j =
Lw iroorzv iurp wkh Olsvfklw} frqglwlrq iru W wkdw vxs mW?+{, WB?+{,m  ?/ dqg


















Q? +??> ??, @ 5O+4> 3, . rR+4,>































W +n?, +Q? +n?> +n . 4,?,Q?+3> ?,, =















































O+4> 3, . rR+4,> +68,
4;



















3" W +v, gv. r+4,>
Zh qrz kdyh +63, iurp +66,/+67, dqg +68,1
Qh{w zh vkrz +64, dqg +65,1 Ohw
%? @ vxs
f$o$
mZ?+u,Z +u,m = +69,
E| wdnlqj q vx!flhqwo| odujh/ zh pd| dvvxph wkdw W ? dqg W

? duh prqrwrqh +ghfuhdv0
lqj dqg lqfuhdvlqj/ uhvshfwlyho|, rq wkhlu vxssruwv1 Wklv fdxvhv qr orvv lq jhqhudolw|/
vlqfh zh pd| dozd|v erxqg W ? dqg W

















































































































vlqfh ?? . 5sq%? $R 4/ djdlq gxh wr +57, dqg +5<,1 Wkh surri lv wkhuhiruh
frpsohwh1 
;143 Surri ri Wkhruhp 816 Djdlq ohw {f @ 3 iru vlpsolflw|1 Wkh surri iru {f 9@ 3
lv wkh vdph zlwk rqo|Z?+u, ehlqj uhsodfhg e| {f@
s







































Vlqfh K lv uhjxodu/ lw iroorzv wkdwU 
f
K +Z?+u,, gu
d1v1$ U fK +Z +u,,gu @ U"3"K+v,O+4> v,gv=














wr frpsohwh wkh surri1














f S +Z?+u,, gu
d1v1$ 3>




















zkhuh T lv erxqghg dqg ydqlvkhv dw lqqlw|1 Zh pd| dvvxph z1o1r1j1 wkdw T lv
prqrwrqh ghfuhdvlqj +lqfuhdvlqj, iru { A 3 +{ ? 3,/ dv qrwhg lq wkh surri ri Wkh0
ruhp 71:1 Zh pd| wkxv zulwh T @ T  T2 zlwk erwk T dqg T2 erxqghg dqg








q+Z +u, . %?,



























O+4> v,gv +4 . r+4,, d1v1 /























O+4> v,gv +4 . r+4,, d1v1 1 +6<,
Qrz +6:, iroorzv hdvlo| iurp +6;, dqg +6<,/ gxh wr +4:,1 
;144 Surri ri Wkhruhp 818 Ohw H eh lqfuhdvlqj/ dqg ohw v? @ vxsZ?+u, dqg
v @ vxsZ +u,1 Iru vlpsolflw|/ dvvxph {f @ 31 Iru wkh fdvh {f 9@ 3/ zh uhsodfh Z?+u,




q lq zkdw iroorzv1 Doo wkh surriv

















































gu +4 . rR+4,, > +73,





q,/ dqg ohw v? eh d vhtxhqfh ri qxpehuv vxfk wkdw v? $ 3 dqg





J+sqv?, @ ?v +G+v, . rR+4,, > +74,































 iZ?+u, ? v?  v?j gu>
wkhq lw iroorzv iurp +74, wkdw
D? @ ?
U 
f h{s +?G+v, +v? Z?+u,,, gu +4 . rR+4,, >
E? @ rR+4,>
lq sdudooho wr +54, dqg +55, lq wkh surri ri Wkhruhp 71;1
Ghqh Z ? dqg Z
 e|
Z ?+u, @ v? Z?+u, dqg Z +u, @ vZ +u,>
l1h1/ Eurzqldq prwlrq uh hfwhg dw wkh vxsuhpxp dqg lwv vdpsoh dqdorjxh1 Ghqrwh
e| O wkh orfdo wlph ri Z 1 Ixuwkhupruh/ zh ghqh Q ? dqg Q
 iru Z ? dqg Z
 lq
wkh vdph zd| dv Q? dqg Q iru Z? dqg Z jlyhq lq +7, dqg +8,/ uhvshfwlyho|1 Zulwh
Q ?+d> e, @ Q

?+?>d> e, dqg Q
+d> e, @ Q +?>d> e, iru vkruw1 Wkrxjk zh gr qrw
surylgh wkh ghwdlov/ lw lv reylrxv wkdw doo wkh uhvxowv lq Dnrqrp +4<<6,/ dqg wkhuhiruh
rxu Ohppdv 516 dqg 518 krog iru Z ? dqg Z










gu +4 . rR+4,, >
zlwk
I +{, @ h3%(Er i{  3j =
Wr dqdo|}h D?/ zh ghqh ? dqg ? dv lq +57, zlwk d dqg e vdwlvi|lqj
d 5e ? 3 +76,
5d.p 4 ? 3 +77,
7d 7ep 4 ? 3 +78,
+9e. 6p 4,s. 5 ? 3 +79,
+5d 5ep,s 5 A 3 +7:,
54
dqg ohw ?v? @ ??1 Lw lv whglrxv exw vwudljkwiruzdug wr fkhfn wkdw d dqg e vdwlvi|lqj
doo +76,+7:, h{lvw/ jlyhq rxu frqglwlrqv rq p dqg s1
Zh ghfrpsrvh I lqwr I? dqg I ?/ zkhuh
I?+{, @ h
3%(Er4 i3  { ? ??j >
I ?+{, @ h
3%(Er4 i{  ??j =
























gu @ rR+4,> +7<,
iurp zklfk zh pd| hdvlo| ghgxfh wkh vwdwhg uhvxow/ xsrq qrwlflqj wkdw
U"
3" I +v,gv @
4
G+v,
dqg O+4> 3, @ O+4> v,>
wrjhwkhu zlwk +73, dqg +75,1




h3&B?(Er4 in?  { ? +n . 4,?j >













xqghu frqglwlrqv +76, dqg +79,1 Qrwh wkdw
?
??
Q ? +3> ??, @ O
+3> 4, . rR+4,>




































































































Dovr/ e| Ohppd 518+e,
?
?
Q ? +3> ?, @ O
+4> 3, . rR+4,>
xqghu frqglwlrq +79,1 Wkhq +7;, iroorzv iurp +83,/ +84, dqg +85,1


























3" I +?+v %?,, 4 i?+v. %?, A ??jO+4> v,gv
@
U"









vlqfh ??  ?%? $R 4 xqghu frqglwlrq +7:,/ zklfk suryhv +7<,1 Wkh surri lv
wkhuhiruh frpsohwh1 
;145 Surri ri Ohppd 915 E| Wkhruhp D4/ sdjh 59< ri Kdoo dqg Kh|gh +4<;3,
wkhuh h{lvw d suredelolw| vsdfh +>S>I, vxssruwlqj iX|j> X| @ S|&' x&/ d Eurzqldq
prwlrq X zlwk yduldqfh 2 dqg d wlph fkdqjh i |j vxfk wkdw
+d,  | lv I|0phdvxudeoh/
+e, H++7 |,omI|3,  H+mx|m2omI|3, d1v1 iru u  4/ dqg
+f, H+7 |mI|3, @ 4/
zkhuh I| lv wkh 0hog jhqhudwhg e| +X&,|&' dqg X+u, iru 3  u   |1
Ohw 4  u  plq+5> t@5,1 Wkhq zh kdyh
H +m7 |  4mo mI|3 ,  f vxs
|D
H + mx|m^m I|3, ? 4 d1v1
56
iru vrph frqvwdqw f1 Wkhuhiruh/
"[
|'
w3oBH + m7 |  4mom I|3, ? 4 d1v1
vlqfh u A 4/ dqg zh kdyh iurp Wkhruhp 514; ri Kdoo dqg Kh|gh +4<;3, wkdw
 |  w
wB
d1v1$ 3>
dv w $ 4 iru  A pd{+4@5> 5@t,1 Wkhuhiruh/ iru dq| % A 3 jlyhq/ wkhuh h{0
lvwv q vxfk wkdw m |  wm@wB ? % iru doo w A q1 Fkrrvh q  q vxfk wkdw q A
+pd{$|$? m |  wm@%,*B1 Lw lv hdv| wr fkhfn
vxs
$|$?
 |  wqB
 ? % d1v1
dv zdv wr eh vkrzq1 





























































































 |?  |3?  ?
 @ r+4, d1v1




3" W +v, gv

O+u> 3,> +87,
dv vkrzq lq wkh surri ri Wkhruhp 8141 Pruhryhu/ li zh ghqrwh e| ^P?>Z ` wkh frydul0
dwlrq surfhvv ri P? dqg Z / wkhq
^P?>Z `o @ 3 +88,
57
iru doo u 5 ^3> 4`/ gxh wr wkh lqghshqghqfh ri X dqg Z 1 Wkh dv|pswrwlf glvwulexwlrq
ri wkh frqwlqxrxv pduwlqjdoh P? lq +86, lv frpsohwho| ghwhuplqhg e| +87, dqg +88,/
dv vkrzq lq Uhyx} dqg \ru +4<<7/ Wkhruhp 516/ s1 7<9,1
Qrz ghqh wkh vhtxhqfh ri wlph fkdqjhv
?+u, @ lqi iv m^P?`r A uj
dqg vxevhtxhqwo| vhw
Y?+u, @ P? +?+u,, =
Wkh surfhvv Y? lv wkh GGV +ru Gdpelv/ GxelqvVfkzdu}, Eurzqldq prwlrq ri wkh
frqwlqxrxv pduwlqjdoh P? ^vhh/ iru h{dpsoh/ Uhyx} dqg \ru +4<<7,/ Wkhruhp 419/
s1 4:6`1 Lw iroorzv wkdw +Y?>Z , frqyhujhv mrlqwo| lq glvwulexwlrq wr wzr lqghshqghqw









3" W +v,gvO+4> 3,

>
zklfk jlyhv wkh uhvxow vwdwhg lq +d,1 Wkh surriv iru +e, dqg +f, duh vlplodu/ dqg duh
wkhuhiruh rplwwhg1 













e| Wkhruhp 615/ vlqfh W +{, @ m{mV lv uhjxodu1 Lq wkh fdvh zkhuh 4 ?  ? 3 Wkhruhp
617 lv dssolfdeoh dqg +89,djdlq |lhogv wkh vwdwhg uhvxow1 Iru wkh fdvh   4 zh xvh
d glhuhqw dujxphqw1 Erxqg
S?


















































@ 5O+4> 3, . rR+4,>





wkhuhe| hvwdeolvklqj wkh vwdwhg uhvxow1 
58
Uhihuhqfhv
Dnrqrp/ M1 +4<<6,1 Frpsruwhphqw dv|pswrwltxh gx whpsv g*rffxsdwlrq gx surfhv0
vxv ghv vrpphv sduwlhoohv1 Dqqdohv gh o*Lqvwlwxw Khqul Srlqfduì 5</ 8:;41
Eloolqjvoh|/ S1 +4<9;,1 Frqyhujhqfh ri Suredelolw| Phdvxuhv1 Zloh|/ Qhz \run1
Fkxqj/ N1O1 dqg Zlooldpv/ U1M1 +4<<3,1 Lqwurgxfwlrq wr Vwrfkdvwlf Lqwhjudwlrq/ 5qg
hg1 Elunkçxvhu/ Ervwrq1
Hqjoh/ U1I1 dqg F1Z1M1 Judqjhu +4<;:,1 Fr0lqwhjudwlrq dqg huuru fruuhfwlrq= Uhs0
uhvhqwdwlrq/ hvwlpdwlrq dqg whvwlqj1 Hfrqrphwulfd 88/ 5845:91
Kdoo/ S1 dqg F1F1 Kh|gh +4<;3,1 Pduwlqjdoh Olplw Wkhru| dqg Lwv Dssolfdwlrq1
Dfdghplf Suhvv/ Qhz \run1
Mhjdqdwkdq/ S1 +4<<8,1 Vrph dvshfwv ri dv|pswrwlf wkhru| zlwk dssolfdwlrqv wr
wlph vhulhv prghov/ Hfrqrphwulf Wkhru|/ 44/ ;4;0;;:1
Ndudw}dv/ L1 dqg Vkuhyh/ V1H1 +4<;;,1 Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv1
VsulqjhuYhuodj/ Qhz \run1
Skloolsv/ S1F1E1 +4<;;, Pxowlsoh Uhjuhvvlrq zlwk Lqwhjudwhg Wlph Vhulhv/ Frqwhp0
srudu| Pdwkhpdwlfv/ ;3/ :<04381
Skloolsv/ S1F1E1 +4<<4,1 Rswlpdo lqihuhqfh lq frlqwhjudwhg v|vwhpv/ Hfrqrphwulfd
8</ 5;66391
Skloolsv/ S1F1E1 dqg Z1 Sorehujhu +4<<9,1 Dq dv|pswrwlf wkhru| ri Ed|hvldq lq0
ihuhqfh iru wlph vhulhv/ Hfrqrphwulfd/ 97/ 6;407461
Skloolsv/ S1F1E1 dqg Vror/ Y1 +4<<5,1 Dv|pswrwlfv iru olqhdu surfhvvhv1 Dqqdov ri
Vwdwlvwlfv 53/ <:443341
Skloolsv/ S1 F1 E1 +4<<:,1 Xqlw urrw whvwv1 Lq Hqf|forshgld ri Vwdwlvwlfdo Vflhqfhv
Yro1 45/ Zloh|= Qhz \run1
Sroodug/ G1 +4<;7,1 Frqyhujhqfh ri Vwrfkdvwlf Surfhvvhv1 Vsulqjhu0Yhuodj/ Qhz
\run1
Uhyx}/ G1 dqg \ru/ P1 +4<<7,1 Frqwlqxrxv Pduwlqjdoh dqg Eurzqldq Prwlrq/ 5qg
hg1 VsulqjhuYhuodj/ Qhz \run1
59
